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Some Aspects Concerning the Evaluations of

Sum of Squares by Range'
Toshihiko MENDORI?, Yoshihisa ZINNO® and Hiroo FUKAISHI*

Abstract

In this paper, based on the study so far, we give the following consideration to the
evaluation of the sum of squares by using the range R. Firstly another way is given for a proof
of the Main Theorem, which describes the l.u.b. of s.s. by R. The proof by use of eigenvalues
of matrices will contribute to mathematical education as a teaching material. Secondly the

possibility of further investigations is suggested.
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§ 1. Introduction
In processing statistical data, the mean and the standard deviation (i.e., s.d.) need to be
calculated as the representative values of them. The calculation of s.d. is rather complicated
depending on the number of sample data. G. Snedecor (1989) studied the possibility to use the
sample range in place of s.d. in § 8.3. To sum up, he pointed out the usefullness of the range :
1. The value C,* R is considered to be a quick and simple estimate of the population s.d.

o and a table of multiplier values C, of the range R is computed for 2<n<20.
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2. The relative efficiency of the range estimate to the sample s.d. remains high in normal
samplesupto n=8 or 10, decreasing slowly but steadily as # increases.

3. Calculated from the extream values, the range estimate is very sensitive to erratic extream
values (outliers). So the range gives a quick estimate of ¢ for distributions thought to be
close to normal.

4 . In controlling the quality of an industrial process, small samples of the product are taken
out frequently to detect situations in which the industrial process becomes out of control.
The estimate from the range computed on each sample is an easy and efficient alternate of
the unbiased estimate s of o

5. The instructions given to the computer may contain errors. So the range estimator is
also an easy check on the computation of .

6. Samples of n=5 are often used, the range estimator being computed on each sample
and plotted on a time chart. Often the purpose of the chart is to detect situations, as
revealed by the appearance of increasing or sudden high values of the estimated o

[Raynolds et al. (1988) ].

But he didn’t describe much of the mathematical relation between s.s. and R. Therefore
we have studied the mathematical structure of the sample variance s> (i.e., s.s.), and especially
the relation with the range R. Namely the l.u.b. and the g.l.b. of s.s. are mathematically derived
by using R, and the multiplier C, of R is computed by Mendori et al. (2003). Starting
from the problem of sample data, the same problems for the theoretical distribution of discrete
and continuous types are investigated by Mendori et al. (2003a). Furthermore a relation be-
tween the classified groups of data and the whole data is studied and some illustrative examples
are shown by Mendori et al. (2004).

In this paper we apply the matrix theory to another proof of the Main Theorem, and suggest

the possibility of some extensions.

§ 2. Another approaches to proving the Main Theorem
In the previous paper [Mendori et al. (2003) ] we gave the Main Theorem which estimates

the sum of squares by using the data range. We also gave geometrical representations there. In



this paper we shall give another proof of the Main Theorem by solving eigenvalue problems of
the matrices induced by the quadratic form of s.s.. An application of linear algebra shown in the
proof is a useful material in mathematics education.

Briefly we recall the notations. Let X = {xl, Xy e ,xn} , n>1, be a data set of n

values. Define the data range R and the mean Xx of the data as follows :

R = maxx;, — min x; ,

1<i<n 1<i<n

M=

— 1
X = —2.%,
n

i=1

respectively. Each of the variance s” of the data and the unbiased estimate u’ of the

population variance is defined as follows :

s? = iznl(xi—)_c)Z, u’ = ! Zn:(xi—)_c)Z,
n =1

i=1 }’l—li

respectively.

Now define the function g(x) of s.s. by the following :

9(x) = £

Assume that x <x,<...<x,. Then R=ux,-x.
Set a vector x as follows® :
x:[xi]z(xl,xz,...,xn)T where x, <x,<...<x,.

Then we have

n

g(x) = [5-x]"[x—x] = [x—=] (%E+I—iE)[xi—xl

where [ is the identity matrix and E is the n X »n matrix as follows :

5A small latin letter of a bold face is used for a column vector. The transpose of a matrix A is denoted by A7.



1
For the matrices L E and I——E, we have
n n

2 2
(LE):LE, LE(,_LE):O, (,_LE) e
n n n n n n

To solve the eigenvalue problem for each of matrices, ¢E and 7I—¢E simultaneously,
we introduce the following polynomials F,(¢) and G,(t, 1):
F,(t)=det,(I-E),
G, (4 t)=det,{(1-2)1-1E} .

Then we have the following® :

Lemma 1. F,(t)=1-nt,

G, (% t)=(1-2)"(1-2-nt) .

Proof.
1-t -t —t I-nt O 0
detn(l—tE) |t 1=t —.t _ 0 1 0
-t -t 1—¢ 0 0 1
Therefore we have
F,(t)=1-nt,

G, (% t)=(1-2)"F, ( 1iz ) = (1-2)"(1-2-nt). O

Since G, ( 1+ 4, —t) and G, (/1, t ) are the characteristic polynomials of ¢E and 7-¢E,

respectively, we have the following :

6We treated the determinant of the same type

n-1 -1 - -1
-1 n-1-- -1

-1 -1 - n-1

in the proof of Main Theorem [Mendori et al. (2003), Theorem 2.1].



Lemma 2.

1. The eigenvalues of the matrix tE are A =nt and A =0, a root of multiplicity n—1.

2. The eigenvalues of the matrix (I—IE) are A =1-nt and ) =1, a root of multi-

plicity n—1.

In the case of = L , G, (1+/1, —L) and G, (/1, L) are the characteristic
n n n

polynomials of LE and [ *LE, respectively, i.e.,
n n

G, (1+z, —%) = (=2)"'(1-2), G,,(/l, %) =—2(1-2)"

Then we have the following :

Lemma 3.

1. The eigenvalues of the matrix iE are A =1 and 2=0, a root of multiplicity n—1.

n

2. The eigenvalues of the matrix ]—LE are =0 and A =1, aroot of multiplicity n—1.
n

For the matrices 1— E and - LE , we have

n n
LEf=1, LEf=o0,
n n
U
I-—E] fi=o, I-—E) f.=f,
n n

where
=1

-1,0,...,0,1)"
ﬁ( )

fﬁ%(l,l,...,l,l)i £

These formulae indicate that

(1) the vector f; is the eigenvector of LE associated with the eigenvalue 1 =1, and the

n
eigenvector of [ -— LE associated with 1 =0, and
n
(2) the vector f> is an eigenvector of LE associated with the eigenvalue 4 =0, and an
n
. 1 . .
eigenvector of /——F asociated with A =1.
n

Applying the Schmidt’s orthogonalization process for a system { fis e, .. ,e,,,z} , we have



the rest of the eigenvectors f,, 3<k<n; {fly Loroois fiseon ,f"} is the orthonormal system

such that’
e/.:[éil.], 1<j<n-2,
1 T
= (-1,-1,...,-1,k-1,0,...,0,-1
s (k_l)k ( k-2 )
and

n

LEfi=o. (I—LE) fi=fi for ke{3,....n}.
n

Since it holds

fi'fi=6, for i,je{l,...,n},

we have an orthogonal matrix P = [fl foiiifi o S ], which satisfies
1 1
—FEP=PD,, [-—E | P=PD,,
n n

where D1 and D2 denote the n X n diagonal matrices such that

1 0 0 00 0

00--0 01 0
Dy = ::'.:’D2:

00--0 00 1

Then we have

()
1
X, —X ﬁ(x"_xl)

X, —X 1
xz—x ﬁ(—xl+2x2—xn)
P’ =
- 1
_xn _x_

1 if i=j,

"The symbol 6 ; denotes the Kronecker’s delta : 6 ; = {O otherwise



Therefore we have
g(x) = [xi —x]TPTP[x,» —x]

=n(§—x)2+ (x xl) z { Xp— Xy = —Xp 2+(k l)x“ x}

i (k- 0

which shows the function g(x) takes the minimum at x=% :

g(f)=%(x xl) Z { X1 =X, == x +(h=1)x — x}

(k- U

Main Theorem [Mendori et al. (2003), Theorem 2.1]. The minimum of the sum of squares

g (E) is evaluated by using the data range R as follows :

Tooo oyl n_1=CD" {1
SR Sg(x)ﬁ{ Z o }R

Proof. The minimum of the s.s. g(f) takes the minimum at the point [x;] if and only if

Xj,

2<j<n-1, satisfy the condition
_xl_xz_"'_xk—z+(k_l)xk—l_xn:O for all ke{3,...,n}.
It follows
x,=%(x1+xn) forall je{2,....,n-1}
Then we have
R2

min g(x) =—

X1 <x<..2X,

To determine the maximum of g(Xx), set
/(x)=9(x)
and

T .
(xl,.. SX Xy X, ) 1<j<n-1.

For each vector x = p, we have

JR if j<k-1,

R (R PP A



Since it holds

j+1
= :=3 ﬁ{_)ﬁ Xy T X +(k_1)xk_l _xn}z

n 1
+
RN CEY:

S L NS Y 0 U Y Y
2 g+l j+tl n

2

{_xl_xZ_"'_xk—Z+(k_1)xk—1 _xn}

we have
< 1 2 1 o j=j)
— A —x—xy ==X+ (k1) x4y —x,} = —R +2— LR,
D N .
Thus we have
jn—7j) 1 n\ n
(p )= 2" p2 = _— | -2 ) R2+ LR
](p,) n n (J 2) 4
It follows
%Rz if n iseven,
Jmax g (x)=max f(p) =4
Y {7—4—}1%2 if nisodd. O
n

§ 3. Further Problems
In this paper we gave a proof of the Main Theorem by a purely mathematical technique.
One of the remained problems is to extend the method to the case of the ranges with &
stratifications.
From the point of view of the statistical inference it is interesting and practically useful to
investigate the validity of an estimation based on the distribution of the range R in the order

statistics.
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